For 3-dimensional convex polytopes, inscribability is a classical property which is relatively well-understood due to its relation with Delaunay subdivisions of the plane and hyperbolic geometry. In particular, inscribability can be tested in polynomial time, and for every f -vector of 3-polytopes, there exists an inscribable polytope with that f -vector. For higher-dimensional polytopes, much less is known. Of course, for any inscribable polytope, all of its lower-dimensional faces need to be inscribable, but this condition does not appear to be very strong.
Introduction and background
The convex hull of a finite number of points on a sphere is an inscribed polytope. Choosing the points randomly on the sphere almost surely gives a simplicial polytope. However, choosing these points carefully, one may obtain other types of polytopes. In 1832, Steiner asked whether it is possible to obtain every 3-dimensional polytope this way [Ste32, Question 77, p. 316] . A polytope is inscribable if it is combinatorially equivalent to an inscribed polytope, i.e., if it has a realization that is inscribed. Around 100 years later, Steinitz provided the first examples of polytopes that are not inscribable [Ste28] . Such polytopes without an inscribed realization include the simplicial polytope obtained by stacking each triangle of the tetrahedron, see [Grü03, Section 13 .5] and [Ste28, p. 140 ]. In light of this, one may ask to what extent a combinatorial property of a polytope (simplicity, simpliciality, neighborlyness, stackedness, etc.) can restrict its inscribability. Gonska and Ziegler asked whether inscribable polytopes affect a coarser polytope invariant, the f -vector [GZ13, Introduction] . Indeed, experimental results seem to indicate that sufficient conditions for inscribability may be obtained from the f -vector [PZ16, Section 2]. For more detail on related questions and their history, we refer to the recent articles [GZ13, PZ16, CP17] and references therein.
Due to its inherent relation with Delaunay tesselations [Bro79] and planar 3-connected graphs [Ste28, GS87, DS96] , inscribability of 3-dimensional polytopes has garnered attention and consequently is relatively well understood. Hodgson, Rivin and Smith following work by Rivin use hyperbolic geometry to show that a 3-polytope is inscribable if and only if a certain system of linear inequalities has a solution, [HRS92, Riv96] . Similar to other problems in polytope theory (e.g. characterization of f -vectors or of vertex-edge graphs), the methods of Hodgson, Rivin and Smith do not extend to higher dimensions and relatively little is known for d-dimensional polytopes (or d-polytopes). Numerous classes of polytopes have been determined to be inscribable. Among them are the cyclic d-polytopes, see [GZ13, Section 2.5.2] for three proofs. Gonska and Ziegler provide a strikingly simple combinatorial characterization of inscribable stacked polytopes: a stacked polytope is inscribable if and only if all nodes of its dual tree have degree at most three, [GZ13, Theorem 1]. Earlier, graphtheoretical necessary conditions and sufficient conditions for a 3-polytope to be inscribable were provided by Steinitz [Ste28] and [Grü03, Section 13 .5] as well as Dillencourt and Smith [DS96] . Of course, every face of an inscribed polytope must be inscribed, so the inscribability conditions of 3-polytopes impose natural conditions on higher dimensional polytopes, see e.g. [Riv96, Section 12 ] and [PZ16, Section 2]. In particular, the conditions can be used as a first check to determine the non-inscribability of some polytopes in dimension 4. For simplicial 4-polytopes with at most 10 vertices, Firsching combined these results with nonlinear optimization to determine inscribability of all but 13 types [Fir17, Theorem 25] . This shows that even small polytopes can satisfy the necessary conditions but may fail to have an obvious inscribed realization. In which case, new efficient methods have to be developed to determine the inscribability of combinatorial types of polytopes in higher dimension [Fir17, Question 3] .
In this article, we study the inscribability of higher-dimensional polytopes and describe an obstruction to inscribability using face lattices of polytopes. We provide an approach to studying inscribability that makes use of higher-dimensional facial incidence information, in contrast to using only the graph of the polytope. Namely, we present "Miquel's polytopes", a class of 3-polytopes steming from Miquel's circle theorem used in the following lemma.
Lemma (Obstruction Lemma). If a polytope P has a Miquel polytope M as a 3-face with a prescribed incidence relation with another vertex of P , then P has no realization such that M is inscribed.
As a direct consequence of this lemma, we answer several questions related to inscribability. For instance, Miquel's polytopes with this incidence relationship are found in dual to cyclic polytopes.
Theorem A (Theorem 3.11). Let k ≥ 8. No realization of C 4 (k) * has an inscribed facet, although all its facets are inscribable.
Chen and Padrol proved that C d (k) * is not inscribable provided k is large enough [CP17, Theorem 2]. Unfortunately, they were not able to provide a bound for k that guarantees non-inscribability. Extending the argumentation of Theorem A leads to an effective bound on the non-inscribability of the duals of cyclic polytopes. Thus the only class of dual to cyclic polytopes whose inscribability is not determined is C d (d + 3) * for d ≥ 5: Are they inscribable? This seems to be a challenging problem. For a summary of the results on cyclic polytopes, see the discussion at the end of Section 3 and Table 4 . Further, we provide some evidence in support of [CP17, Conjecture 8.4 ] that neighborly polytopes with sufficiently many vertices are not circumscribable.
Theorem C (Theorem 5.1). If a polytope is dual to a neighborly 4-polytope on 8 vertices, then that polytope is not inscribed.
We denote the f -vector of a d-polytope P by f P = (f 0 , f 1 , . . . , f d−1 ), where f i is the number of i-dimensional faces of P . An f -vector is inscribable if at least one polytope with that f -vector is inscribable. Gonska and Ziegler provide a combinatorial characterization of inscribable stacked polytopes.
As all stacked d-polytopes with n vertices have the same f -vector, their results imply that for d + 1 ≤ n ≤ d + 4 all stacked polytopes are inscribable, while for n ≥ d + 5 ≥ 8 there exist inscribable as well as not inscribable stacked polytopes.
The influence of inscribability on f -vectors remained elusive. As the f -vector is a coarse polytope invariant, there can be huge numbers of different combinatorial types of polytopes for a given f -vector. Therefore, to determine whether a specific given f -vector is inscribable, we use known classifications of combinatorial types of polytopes. For example, there are three combinatorial types of 4-polytopes that share the f -vector (20, 40, 28, 8) . The dual to the cyclic polytope on 8 vertices, C 4 (8) * , is the most prominent polytope with this f -vector. As a corollary of the above theorem, we exhibit the first f -vector that is not inscribable. The reversal of this f -vector achieves the upper bound theorem. This result provides the first evidence towards an answer to the question How does the condition of inscribability restrict the f-vectors of polytopes? raised in [GZ13, Introduction] , namely the first example of a polytope f -vector that is not inscribable.
Corollary D. The f -vector (20, 40, 28, 8) is not inscribable.
Beyond the previous considerations, we emphasize three notable aspects of the Obstruction Lemma. Starting in dimension 4, there are polytopes such that every facet is inscribable but no realization of the polytope has any inscribed facet. Previous conditions on inscribability of polytopes were derived from their graphs. This obstruction is different: it uses higherdimensional facial incidences, and it may be used to obtain obstructions in arbitrary facefigures. This makes it a flexible combinatorial tool to obstruct inscribability. Finally, the obstruction comes from a rather unrestrictive forbidden subposet and appears naturally in many common 4-polytopes. Out of the 1294 4-polytopes with 8 facets, 169 of them have a Miquel polytope as a facet. Of these 169 4-polytopes, twenty of them also have the required incidence relations to guarantee non-inscribability.
Outline. In Section 2, we study inscribability of f -vectors of polytopes with few vertices and facets. In Section 3, we examine the inscribability of duals of cyclic polytopes and prove that "most" of these polytopes are not inscribable. In Section 4, we present the combinatorial obstruction to inscribability in terms of a forbidden subposet. In Section 5, we extend the obstruction to neighborly 4-polytopes with 8 vertices. In Section 6, we present three questions that arose during our investigation of inscribed polytopes.
Inscribability and small f -vectors
In this section, we set the context surrounding the inscribability of polytopes and f -vectors. For basic polytope nomenclature and constructions, we refer the reader to [Zie95, HRGZ18] .
2.1. Inscribability and stereographic projections. Alternatively to putting vertices of a polytope on a sphere, one may ask that all of its supporting hyperplanes be tangent to the sphere, in which case we say that the polytope is circumscribed. Similarly to inscribability, a polytope is circumscribable if it has a realization that is circumscribed. As Steinitz first observed [Ste28] , inscribability and circumscribability are notions related by polytope duality: a polytope is inscribable if and only if its dual is circumscribable. Hence, every statement about inscribability has an equivalent formulation in terms of circumscribability and we implicitly make use of this fact throughout the text. We collect classical results on inscribability and circumscribability in the next two lemmas.
Lemma 2.1. Let P be a d-polytope with vertex v and P * be its dual. i) P is inscribable if and only if P * is circumscribable, see e.g. [Grü03, Theorem 13.5.1].
ii) If P is circumscribable, then so is the vertex figure of v in P . iii) If P is inscribable, then so are its faces.
Let S d−1 ⊂ R d denote the (d − 1)-dimensional sphere of radius 1 2 centered at e d := (0, . . . , 0, 1 2 ). The points N := (0, . . . , 0, 1), S := (0, . . . , 0) ∈ S d−1 are the North and South Pole of S d−1 . Moreover, we denote the one point compactification of
from the point N maps x ∈ S d−1 \ {N } to the intersection of the line through x and N with R d−1 , and N to ∞. Let P be a d-polytope with vertex v and H be a hyperplane that strictly separates v from Vert(P ) \ {v}. Then π v : P \ {v} → H denotes the stereographic projection of P from v defined analogously to the stereographic projection π N . If P is inscribed on S d−1 and v is rotated to N , then the two projections map S d−1 ∩ P \ {v} to projectively equivalent labeled sets. Lemma 2.2. Let P be a d-polytope, and v be a vertex of P contained in exactly d facets. The stereographic projection π v yields the following structures.
i) The images of facets of P that contain v bound a (d − 1)-dimensional simplex ∆.
ii) The images of the vertices of P determine a point configuration such that the images of the faces of P that do not contain v form a polytopal subdivision of ∆. iii) The images of facets of P that do not contain v are (d − 1)-dimensional polytopes. iv) If P is inscribed, then the images of facets of P that do not contain v are inscribed.
ii) The projection π v acts on faces of P that do not contain v as an affine map from R d to R d−1 . The polytopal complex of the faces of P that do not contain v is preserved by this affine map. By part i), the union of the images of these faces is ∆. This satisfies the definition of a polyhedral subdivision, see [DLRS10, Definition 2.3.1 and Lemma 4.2.20].
iii) The affine span of a facet of P that does not contain v does not intersect v. Consequently, the projection of such a facet under the affine map π v preserves the facet's dimension. iv) Suppose P is inscribed and F is a facet of P that does not contain v. Let S be the intersection of aff(F ) with the sphere inscribing P . By iii), the image of F is a polytope whose vertices lie on the image of S. The image of S is a (d − 2)-dimensional sphere. See the related discussion in [GZ13, Section 2.4].
2.2.
Inscribed realizations of small f -vectors. To study inscribability in dimension larger than 3, we need small examples of not inscribable polytopes to contrast with the inscribable ones. A natural place to look for small examples is among 4-polytopes with small f -vector. Often, a d-polytope P (or its f -vector) is considered small if f 0 (or dually, f 3 ) is small. Another natural measure for the size of a 4-polytope P or its f -vector is the the sum f 0 + f 3 . This number counts the vertices of the vertex-facet adjacency graph that determines the combinatorial type of P . One of our motivating questions is:
Is there an f -vector that is not inscribable?
If such an f -vector exists, the following question is natural:
What is the smallest f -vector that is not inscribable?
In Sections 3 and 5 we show that such an f -vector indeed exists and provide the first example of an f -vector that is not inscribable. As many combinatorially distinct d-polytopes can have the same f -vector, an f -vector is not inscribable if every polytope with this f -vector is not inscribable. Firsching [Fir18] extended previous classifications of 4-polytopes with few vertices by Altshuler and Steinberg [AS85] and Brinkmann [Bri16] . For a thorough historical account, we refer to [Fir18, Section 1.4] and the references therein. A complete enumeration of all 4-polytopes with f 0 ≤ 9 or f 3 ≤ 9 exists and partial results are known for f 0 , f 3 ≥ 10 and 20 ≤ f 0 +f 3 ≤ 23. Table 1 - Table 3 list the total number of f -vectors and of combinatorial types for all possible pairs (f 0 , f 3 ) with 7 ≤ f 3 ≤ 9. The Euler-Poincaré formula determines f 1 from f 0 , f 2 and f 3 . For a given a value of f 3 and f 0 , for each possible value of f 2 , we write the pair f 2 : N , where N is the number N of combinatorially distinct 4-polytopes with the specified f 0 , f 2 , f 3 .
We discuss the inscribability of small f -vectors derived from the these enumeration results. The only 4-polytope with 5 vertices or 5 facets is the simplex which is clearly inscribable. If f 0 = 6, then 6 ≤ f 3 ≤ 9 and each of the four pairs of (f 0 , f 3 ) determine a unique 4-polytope. If f 0 = 7, then 6 ≤ f 3 ≤ 14 and there are 15 distinct f -vectors and 31 combinatorially distinct polytopes. All these 35 polytopes are inscribable and inscribing vertex-coordinates are provided in Appendix A.
For f 0 = 8 there are 40 distinct f -vectors and 1294 combinatorially distinct polytopes and for f 0 = 9 there are 88 disctinct f -vectors and 274 148 distinct polytopes. Only 8 out of these 128 f -vectors with 8 ≤ f 0 ≤ 9 determine a combinatorially unique polytope.
Since no efficient algorithm is known to decide inscribability for d-polytopes with d ≥ 4, a natural heuristic to find an f -vector that is not inscribable is to study inscribability for Table 2 . Complete enumeration of f -vectors of 4-polytopes with f 3 = 8.
small f -vectors associated to a combinatorially unique polytope. We briefly indicate results obtained by this search.
In each of Table 1 and Table 2 , an entry is surrounded by " " symbols, since they are of particular interest:
(14,28,21,7) The dual of the cyclic polytope C 4 (7) has this f -vector, we discuss two strategies to find an inscribed realization in Section 3.2 and Section 3.3. It is wellknown that the f -vector of C 4 (7) and its dual determine combinatorially unique polytopes [Grü03, Chapter 6.3] and [Fir18, Table 3 . Complete enumeration of f -vectors of 4-polytopes with f 3 = 9. and [Fir18, Table 6 and 7], there are ten f -vectors that satisfy 16 ≤ f 0 + f 3 ≤ 19 and that determine a combinatorially unique polytope. These f -vectors are:
• (9, 26, 26, 9) We provide an inscribed realization of this polytope below. • (7, 18, 19, 8), (7, 17, 19, 9), (9, 19, 17, 7) and (7, 18, 22, 11)
Inscribing coordinates for these f -vectors are provided in Appendix A. • (8, 19, 20, 9) and (9, 20, 19, 8)
If we label the vertices of the first polytope by 1, . . . , 8, then the facets are five tetrahedra, 1234, 2568, 2578, 2678 and 5678, and four 3-faces 12356, 12457, 134567 and 23467. Labeling the vertices of the second polytope 1, . . . , 9, the facets are four tetrahedra, 1234, 1235, 1345 and 6789, and four 3-faces 1245689, 234678, 235679 and 345789. • (9, 20, 20, 9)
If we label the vertices by 1, . . . , 9, then the facets of this self-dual polytope are the five tetrahedra, 1234, 5678, 5689, 5789, 6789, and four 3-faces 123567, 124579, 134679 and 234569. • (11, 22, 18, 7) and (12, 25, 20, 7)
Inscribing these polytopes involves many degrees of freedom (lots of vertices) and many constraints (many vertices per facet). The difficulty of this task is less than, but comparable to, the quest of inscribing C 4 (7).
We invite the reader to find inscribed realizations for the polytopes with f -vector (8, 19, 20, 9), (9, 20, 19, 8) and (9, 20, 20, 9) using a combination of the elementary polytope constructions pyramid, bipyramid, truncation and their dual operations. There are more f -vectors that determine a combinatorially unique polytope, but for these f 0 +f 3 ≥ 20, putting them outside the range of fully classified combinatorial types. The difficulty in finding inscribed realizations varies significantly. The polytope with f -vector (13, 28, 22, 7) is very hard to inscribe, but the f -vectors (10, 25, 28, 13) and (13, 28, 25, 10) are easy enough to inscribe, realizations are provided below.
In the remainder of this section we present inscribed realizations of three 4-polytopes that are uniquely determined by the f -vectors: T 1 , determined by (9, 26, 26, 9), T 2 , determined by (10, 25, 28, 13), and its dual, T * 2 , determined by (13, 28, 25, 10). This shows these f -vectors are inscribable. Inscribed realization of T 1 with f T 1 = (9, 26, 26, 9). The f -vector f T 1 has a unique associated combinatorial type of 4-polytope, see [Fir18, Table 7 ]. If we label the vertices 0, 1, . . . , 8, then the facets are two tetrahedra 0123 and 5678 and 3-faces 01245, 01346, 02347, 123567, 24578, 14568 and 34678.
To realize this polytope (as a Schlegel projection into the facet 123567), start with an octahedron 123567 (with diagonals 17, 26 and 35), and cone over vertex 4, placed in its center. This decomposes the octahedron into eight tetrahedra. Now stellarly subdivide tetrahedron 1234 (resp. 4567) into four tetrahedra by placing a vertex 0 (resp. 8) in its center. Now vertex 4 is contained in twelve tetrahedra, the remaining two tetrahedra, 0123 and 5678, are facets. Moving 0 and 8 sufficiently close to the centers of triangles 123 and 567 we can ensure that these twelve tetrahedra group together in pairs along triangles 124, 134, 234, 456, 457 and 467 to form six triangular bipyramids. This f -vector is inscribable as an inscribed realization for T 1 is given by the following coordinates:
Inscribed realization of T 2 with f T 2 = (10, 25, 28, 13).
The f -vector f T 2 has a unique associated combinatorial type of 4-polytope T 2 , see [Bri16, Table 2 .3]. If we label the vertices 0, 1, . . . , 9, then the facets are nine tetrahedra 0123, 4568, 4579, 4589, 4679, 4689, 5678, 5789 and 6789 and 3-faces 012456, 013457, 023467 and 123567.
To realize this polytope, start with the boundary complex of the 4-dimensional prism over base tetrahedra 0123 and 4567 (with facets 0123, 012456, 013457, 023467, 123567 and 4567). Then subdivide tetrahedron 4567 by placing two vertices, 8 and 9, onto the line segment connecting the two mid-points of 47 and 56, and cone to the other four edges to obtain tetrahedra 4589, 4689, 5789, and 6789. Complete the subdivision of 4567 by adding tetrahedra 4568 and 5678, and 4579 and 4679. This f -vector is also inscribable as an inscribed realization for T 2 is given by:
Inscribed realization of T * 2 with f T * 2 = (13, 28, 25, 10). We assume that the vertices of T * 2 are labeled 0, 1, . . . , 8, 9, A,B,C. Then the facets for T * 2 are four tetrahedra 028C, 02AC, 08AC and 28AC and six 3-faces 01234589, 012367AB, 014689AB, 134567, 235789AB and 45679B.
An inscribed realization for T * 2 is given by the following coordinates:
Since T 2 and T * 2 are dual to each other, this f -vector and its dual, (10, 25, 28, 13), are thus inscribable and circumscribable.
Circumscribability of cyclic polytopes
In this section, we study circumscribability of cyclic polytopes or, equivalently, inscribability of their duals. The d-dimensional cyclic polytope on k vertices is denoted by C d (k). Its combinatorial type is realized by the convex hull of k increasing distinct points on the moment curve ν d : R → R d sending t to (t, t 2 , . . . , t d ). Its facets are described purely combinatorially using Gale's evenness condition, see e.g. [Zie95, Chapter 0]. The dual of the cyclic
We fix a labeling of the faces of C d (k) and of its dual: We order the k vertices of C d (k) and identify them with the numbers {1, 2, . . . , k}. The facets of its dual C d (k) * are identified with an additional star i * . Each face of C d (k) is labeled by the set of vertex labels it contains. To write a face label {i, j, k, l, . . . } of C d (k), we abuse notation and write ijkl · · · . For the corresponding dual face {i, j, k, l, . . . } * of C d (k) * , we write (ijkl · · · ) * . As a consequence, by taking facet intersections in the dual, faces of C d (k) * are labeled by the set of facets they are contained in. In particular, the vertices of C d (k) * are labeled by subsets of {1, 2, . . . , k} corresponding to facets of C d (k).
In dimension d = 4, facets of C 4 (k) * are combinatorially equivalent to C 3 (k − 1) * , a wedge over a (k − 2)-gon. Motivated by Lemma 2.1 i), we first look at the inscribed realization space these wedges in Section 3.1. In Sections 3.2 and 3.3 we present two proofs that the cyclic polytope C 4 (7) is circumscribable. In Section 3.4, we show that the cyclic polytope C 4 (8) is not circumscribable using a geometric obstruction. Finally, in Section 3.5 we use the argument for C 4 (8) and Gale's evenness condition to extend this obstruction to cyclic polytopes C d (k), where k ≥ d + 4 ≥ 8.
3.1. The inscribed realization space of wedges over polygons. In this section we describe the space of inscribed realizations of the facets of C 4 (k) * . They are combinatorially isomorphic to a wedge over a (k − 2)-gon, denoted by F k .
Inscribed realizations of 3-polytopes up to Möbius transformations correspond to feasible solutions of a set of linear constraints imposed on the set of external dihedral angles at the edges of the polytope [Riv96] . As a corollary of Rivin's work, the realization space of a 3-polytope up to Möbius transformations is contractible. This does not extend to higher dimensions where universality holds [APT15] .
The wedge F k has f -vector (2k − 6, 3k − 9, k − 1). Its facets consist of two (k − 2)-gons, two triangles and k − 5 quadrilaterals. Following [RG96] , the dimension of the realization space of a 3-polytope up to Möbius transformation is f 1 − 6. Hence, the realization space of F k has dimension 3k − 15. The inscribed realization space of F k up to Möbius transformations has dimension k − 3. For reasonably small k this can be checked computationally using Rivin's linear program. It follows that the inscribed realization space of F k up to Euclidean isometries and homotheties is of dimension k.
The construction of explicit coordinates for an inscribed realization of C 4 (7) * (see Section 3.3) is based on the following parametrizations of the space of inscribed realizations of F k , up to Möbius transformations and up to Euclidean isometries and homotheties.
Proposition 3.1. The inscribed realization space of the wedge over a (k − 2)-gon F k up to Möbius transformations is homeomorphic to
where int(∆ k−5 ) denotes the interior of a (k − 5)-dimensional simplex, (0, π) determines the angle between the two (k − 2)-gons of F k , and I is an open interval only depending on the position of the vertices of one of the (k − 2)-gon of F k .
In particular, the realization space of F k is homeomorphic to an open (k − 3)-ball.
Sketch of proof. We refer the reader to the picture on the left in Figure 1 . Assume that F k is inscribed on S 2 . We use stereographic projection π N as described in Section 2.1. After applying a suitable Möbius transformation we can assume that the two vertices of F k contained in the two (k − 2)-gons are mapped to north pole N and south pole S of S 2 and that a third point determining the circle c ⊂ S 2 of the first (k − 2)-gon of F k is mapped to (1, 0). We are now free to arbitrarily choose k − 5 points on c between points (1, 0) and N . That is, we choose k − 5 points on a line segment yielding the first (and largest) factor of the inscribed realization space int(∆ k−5 ). An inscribed realization of F k is now determined by the position of one more vertex, q 0 ∈ S 2 \c (after Möbius transformations in the "front hemisphere" of S 2 ): The triple (q 0 , S, N ) determines a circle d ⊂ S containing all the vertices of the second (k − 2)-gon. Moreover, the triple (q 0 , (1, 0), p 1 ) determines a circle e ⊂ S containing all vertices of one of the quadrilaterals of F k . It now follows that the fourth point of this quadrilateral, q 1 , is determined as the intersection d ∩ e. By iteration, the coordinates of the remaining k − 5 vertices of F k are determined and lead to at most one inscribed realization.
If q 0 is chosen at the latitude of (1, 0), this configuration leads, in fact, to an inscribed realization for all longitudes strictly between 0 and π: symmetry around the SN -axis of S 2 shows that all q i must then have the same latitude as all p i , 1 ≤ i ≤ k − 5. The same is true for a starting latitude of q 0 contained in a sufficiently small interval around the latitude of (1, 0). Denote such a latitude as valid. In general, for a given latitude to be valid, q i−1 must be further "south" than q i , 1 ≤ i ≤ k − 5. It follows that the set of valid latitudes is an open interval, as moving q 0 "north" (resp. "south") eventually causes q 1 to move past q 0 (resp. q 2 ), and likewise for further q i .
Moreover, a valid latitude for q 0 is not affected by varying the longitude of q 0 (i.e., by varying the opening angle of the wedge F k ): For instance, observe that the line segment q 0 q 1 under rotation around the SN -axis must remain on both the planes defined by (q 0 , (1, 0), p 1 ) and (N, S, q 0 ), and q 1 must remain on S 2 with fixed latitude. In particular, longitude and latitude of q 0 can be described by points in (0, π) × I.
Altogether, every point in int(∆ k−5 )×(0, π)×I corresponds to a unique inscribed realization of F k . Conversely, since N , S, (1, 0) and the hemisphere of q 0 are fixed, an inscribed realization of F k up to Möbius transformations corresponds to a unique point in int(∆ k−5 )×(0, π)×I.
The next result provides a parametrization of the inscribed realizations of F k up to Euclidean isometries and homotheties, which implies that it is contractible. We use this parametrization in Section 3.3.
Proposition 3.2. The inscribed realization space of the wedge over a (k − 2)-gon F k up to Euclidean isometries and homotheties is parametrized by Sketch of proof. We use the same setup as in the previous statement. The main differences are that we now have to account for three more degrees of freedom, and several connected components of non-symmetric configurations.
After applying a suitable transformation we can assume that one vertex of the wedge edge is at N and π N projects the circle c ⊂ S 2 of the first (k − 2)-gon of F k to a line parallel to the x-axis. Let α be the image of the second vertex of the wedge edge on line π N (c). In the previous proof we always had α = (0, 0) but here it can be freely chosen, adding two of the extra three degrees of freedom. The third extra degree of freedom arises from now placing the remaining (k − 4) vertices (instead of (k − 5) vertices in the case of Möbius transformations) of the first (k − 2)-gon onto π N (c) on either side of α (If α = (x, y), x = 0, we cannot choose the side on which the (k − 4) vertices go). This yields two disjoint open (k − 2)-balls (α, β).
The remaining two parameters are obtained by Möbius transforming the present configuration into the corresponding configuration from Proposition 3.1. It follows that the opening angle of the wedge, denoted by γ, can be anything except 0 or π (since c is not a great circle we cannot prescribe the connected component of S 2 \ c for the wedge anymore), and that there exists a non-empty open interval I α,β,γ containing all the positions for the third vertex of the second (k − 2)-gon that determine a valid inscribed realization.
Altogether we are left with four disjoint k-balls. The statement now follows from observing that for α = (0, y), y ∈ R, configurations ((0, y), β, γ, δ) and ((0, y), −β, γ, δ) can be transformed into each other by an (orientation reversing) isometry. Same is true for α = (x, 0), x ∈ R, ((x, 0), β, γ, δ), and ((x, 0), β, −γ, δ), and those are the only two such isometries. The resulting space is contractible.
3.2. Circumscribing C 4 (7) using interpolation. One approach to test whether a given polytope is circumscribable consists in writing facet normals in terms of the vertex coordinates and checking if they lie on a sphere. This is the same as checking that the dual of a circumscribed polytope is inscribed.
This approach works well for the cyclic polytope C 4 (7) because the facet normals (at least generically) uniquely determine a quadratic hypersurface by interpolation. We consider real quadratic forms in (n + 1) variables and the action of GL n+1 (R) on the vector space of all quadratic forms given by change of coordinates, i. e. (M.q)(x) = q(M x). If a quadratic form q is represented by the symmetric matrix A, that is q( Let t 1 < t 2 < · · · < t 7 be the values defining the vertices of C 4 (7) on the moment curve, and recall that i denotes the vertex (t i , t 2 i , t 3 i , t 4 i ), where 1 ≤ i ≤ 7. The 14 facets of C 4 (7) can be obtained by Gale's evenness condition: 
This gives 14 points in RP 4 that we want to place on a quadratic hypersurface. Since the vector space of quadratic forms in 5 variables has dimension 15, 14 generic points uniquely determine a quadratic form vanishing at these 14 points and we can compute its equation using Lagrange interpolation. To set this up, let m be the row vector of the 15 monomials of degree 2 in 5 variables in a fixed order. Writing r i for the 14 points in RP 4 , we create the 14 × 15 matrix (m(r i )) i=1,...,14 . The coefficient vectors of the quadratic forms vanishing at these 14 points are exactly the elements of the kernel of this matrix.
Proposition 3.4. Let t 1 = 0, t 2 = 1, t 3 = 3, t 4 = 7, t 5 = 11, t 6 = 13, t 7 = 21. The representing matrix of the (up to scaling unique) quadratic form vanishing on the 14 facet normals of the cyclic polytope C 4 (7) defined by these 7 values is 22237  130328  1323281  15129020  184061477  130328  339339  2534532  27498471  344552208  1323281  2534532  12297285 106450344 1304584281 15129020 27498471 106450344 677359683 7142515380 184061477 344552208 1304584281 7142515380 59989246317
The quadratic form associated to this matrix has signature (1, 4) .
Proof. This result can be computed in the way described above. The fact that the quadratic form vanishing at these 14 points is unique up to scaling is equivalent to the fact that the matrix (m(r i )) i=1,...,14 has rank 14.
Since the cyclic polytope C 4 (7) is the only combinatorial type with f -vector (7, 21, 28, 14) (see e.g. [Grü03, Chapter 6.3] and [Fir18, Table 6 ]), the following result says that every polytope with this f -vector is circumscribable.
Theorem 3.5. The 4-dimensional cyclic polytope with 7 vertices is circumscribable.
Proof. For the choice of parameters t 1 = 0, t 2 = 1, t 3 = 3, t 4 = 7, t 5 = 11, t 6 = 13, t 7 = 21, the corresponding cyclic polytope C 4 (7) = conv{ν 4 (t i ) : i = 1, . . . , 7} has the property that the facet normal vectors embedded into RP 4 via x → (1 : x) lie on a quadric defined by a quadratic form Q of signature (1, 4), by Proposition 3.4. This means that the facets of this realization of C 4 (7) are tangent to the quadric hypersurface projectively dual to the one defined by Q, which is given by the inverse matrix of Q, see for example [GKZ08, Chapter 1]. The signature of the inverse matrix is still (1, 4) , implying that the given realization is circumscribed to a quadric with the signature of the quadratic form x 2 0 − x 2 1 − x 2 2 − x 2 3 − x 2 4 . This quadric can therefore be transformed by a projective transformation into the unit sphere in R 4 embedded in RP 4 via x → (1 : x).
3.3.
Circumscribing C 4 (7) using stereographic projection. In this section, we present a circumscribed realization of C 4 (7) with explicit coordinates for its stereographic projection through a well-chosen vertex. To do this we rely on the realization space of the inscribed wedge described in Section 3.1.
Consider the polytope C 4 (7) * . Up to cyclic symmetry of [7], there are two combinatorial types of vertices in C 4 (7) * . The first type consists of the seven vertices in the orbit of (1234) * , and the second, of those in the orbit of (1245) * . We stereographically project C 4 (7) * from the vertex (1234) * onto a generic hyperplane. By Lemma 2.2, since C 4 (7) * is simple, the image of the three facets labeled 5 * , 6 * , and 7 * form a polytopal subdivision of a convex tetrahedron. Further, if C 4 (7) * is inscribed, then the resulting subdivision is Delaunay [GZ13, Proposition 13]. The result of the projection is combinatorially equivalent to the subdivision illustrated in Figure 2 .
We focus on facet 6 * , emphasized in the middle of Figure 2 . We assume C 4 (7) * to be inscribed, and use the parametrization of Section 3.1 to realize facet 6 * in R 3 using 7 variables. Observe that the location of the four vertices of the tetrahedron are determined by facet equations of the realization of facet 6 * . This way, twelve of the thirteen vertices contained in the tetrahedron are determined. The remaining vertex (1457) * , located on the top edge of the tetrahedron, still has one degree of freedom. Lemma 2.1 iii) together with Lemma 2.2 iv) imply that every pentagonal face is inscribed. The vertex (2345) * and the pentagon (56) * determine a unique 2-sphere containing those six points. Vertices (1245) * and (1457) * must be on this 2-sphere giving two equations of degree (2, 2, 2, 2, 1, 2, 2) and (2, 2, 3, 2, 1, 0, 0). Similarly, the vertex (1237) * and the pentagon (67) * determine a unique 2-sphere containing vertices (1457) * and (1347) * leading to equations of degree (13, 13, 26, 8, 4, 20, 20) and (6, 6, 11, 3, 2, 10, 10). This leads to an underdetermined system of 4 equations in 7 variables. To reduce the complexity, we impose symmetry, resulting in a system with fewer variables. Indeed, this reduces the parameter space to just 4 variables: α and the first two lengths β 1 , β 2 . To eliminate the angle γ, we require that the projection of the great circle passing through (0, 0) and α be the angle bisector of the two rays (see Figure 1 on the right for an illustration of the parameter space (α, β, γ) -for a different choice of γ). Since one of the rays is horizontal, knowledge of α prescribes the angle γ. A further constraint comes from the fact that facets 5 * and 7 * must be isometric and hence vertex (1457) * must be in the middle of the edge π (1234) * ((14) * ).
Taking the educated guess α = (−3/2, −1/2), we compute the intersection of the two constraints, to obtain two algebraic curves on the plane with degrees (5, 3) and (9, 7). Newton's method and subsequent verification then results in exact coordinates for the stereographic projection of an inscribed embedding of C 4 (7) * from vertex (1234) * . The coordinates are given in Appendix B. The realization has coordinates in Q[a], where a is the solution to a degree 10 polynomial. Therefore, the corresponding inscribed realization of C 4 (7) * in R 4 must have degree at least 20.
Question 3.6. Is there a rational inscribed realization of C 4 (7) * ? If not, what is the smallest possible degree of the coordinates as algebraic numbers over Q?
In particular, a degree 2 realization is of exceptional interest.
3.4. Non-circumscribability of C 4 (8). We start by giving a classical result related to inscribability. It is due to Jakob Steiner, originally proved by Auguste Miquel, see Figure 3 for an illustration.
Lemma 3.7 (Miquel's theorem [RG11, Theorem 1.6 and Theorem 18.5]). Let p i , 1 ≤ i ≤ 8, be eight distinct points in R 2 such that the following quadruples are cocircular: (p 1 , p 2 , p 3 , p 4 ), (p 1 , p 2 , p 5 , p 6 ), (p 2 , p 3 , p 6 , p 7 ), (p 3 , p 4 , p 7 , p 8 ), (p 1 , p 4 , p 5 , p 8 ). Then (p 5 , p 6 , p 7 , p 8 ) is cocircular.
Miquel's theorem lifts to a statement about planarity of points on a 2-sphere. Figure 3 . The dashed circle is the sixth circle passing through four points Lemma 3.8 (Miquel's theorem, spherical version). Let p i , 1 ≤ i ≤ 8, be eight distinct points on S 2 such that the following quadruples of vertices are coplanar: (p 1 , p 2 , p 3 , p 4 ), (p 1 , p 2 , p 5 , p 6 ), (p 2 , p 3 , p 6 , p 7 ), (p 3 , p 4 , p 7 , p 8 ), (p 1 , p 4 , p 5 , p 8 ). Then the quadruple (p 5 , p 6 , p 7 , p 8 ) is coplanar and thus the lines spanned by (p 5 , p 6 ) and (p 7 , p 8 ) are coplanar.
Miquel's theorem describes the underlying reason for the fact that one cannot force a facet of C 4 (8) * to be inscribed.
Theorem 3.9. No realization of C 4 (8) * has an inscribed facet, although all its facets are inscribable.
Proof. The facets of C 4 (8) * are all combinatorially equivalent to F 8 , a wedge over a hexagon. By Proposition 3.2, they are inscribable. By Gale's evenness condition, the facets of C 4 (8) are given by 1234, 1238, 1245, 1256, 1267, 1278, 1348, 1458, 1568, 1678, 2345, 2356, 2367, 2378, 3456, 3467, 3478, 4567, 4578, 5678. By duality, these correspond to the vertices of C 4 (8) * , and we write (ijkl) * for the vertex of C 4 (8) * corresponding to facet ijkl of C 4 (8). By Lemma 2.2, projecting C 4 (8) * stereographically from vertex (3467) * yields a polytopal subdivision of a tetrahedron ∆ into four copies of F 8 , see Figure 4 .
By definition, edge (134) * belongs to wedges 1 * , 3 * and 4 * , while edge (167) * belongs to wedges 1 * , 6 * , and 7 * . Since ∆ is convex, these two edges (134) * and (167) * must be skew, as can be seen in the stereographic projection, see Figure 4 . If the wedge 1 * is inscribed, the squares (12) * , (14) * , (15) * , (16) * , and (18) * are inscribed on a common 2-sphere. By Lemma 3.8, the four vertices (1234) * , (1267) * , (1348) * , and (1678) * are then coplanar, forcing (134) * and (167) * to be both coplanar and skew which is impossible.
Since the dimension is even, facets of C 4 (8) * are related through combinatorial automorphisms of the cyclic polytope. Hence, for each facet there is an appropriate choice of vertex that provides the required configuration in the stereographical projection.
Corollary 3.10. The cyclic polytope C 4 (8) is not circumscribable.
Proof. Since C 4 (8) * has no realization with an inscribed facet, C 4 (8) * is not inscribable and C 4 (8) is not circumscribable by Lemma 2.1. 3.5. Larger cyclic polytopes C d (k). The obstruction in the case of C 4 (8) appears as a subcomplex in a large class of cyclic polytopes. On the one hand, by taking specific successive stereographic projections until the resulting object is a tetrahedron, the lines spanned by opposite edges of the tetrahedron are skew. On the other hand, the tetrahedron contains a projected face whose inscription forces these skew lines to be coplanar, leading to a contradiction.
Theorem 3.11. Let k ≥ 8. No realization of C 4 (k) * has an inscribed facet, although all its facets are inscribable.
Proof. The proof follows the proof of Theorem 3.9. Set P = C 4 (k) * and denote by s the vertex (3467) * of P . Using Lemma 2.2, π s (P ) defines a subdivision of a tetrahedron with triangles π s (3 * ), π s (4 * ), π s (6 * ), π s (7 * ). Notice that the image π s ((34) * ) and the image π s ((67) * ) are skew. ( ) Consider the polytope π s (1 * ). Since facet 1 * does not contain vertex s, by Lemma 2.2 the polytope 1 * and π s (1 * ) are combinatorially isomorphic. The facets of 1 * are ridges of P and are labeled as (1i) * for some 1 ≤ i ≤ k. Among the facets of π s (1 * ) are π s ((14) * ), π s ((16) * ), π s ((15) * ), π s ((12) * ), and π s ((1k) * ). See Figure 5 for an illustration. Assume, for the sake of contradiction, that the facet 1 * is inscribed. By Lemma 2.2, its projection π s (1 * ) is also inscribed. By Lemma 2.1 iii), the five polygons π s ((14) * ), π s ((16) * ), π s ((15) * ), π s ((12) * ), and π s ((1k) * ) are inscribed and by Lemma 3.8, the four points π s ((1234) * ), π s ((134k) * ), π s ((1267) * }), π s ((167k) * ) lie on a common plane. This contradicts our previous observation ( ) and thus 1 * cannot be inscribed. Proof. The case d = 4 is Theorem 3.11. Hence, assume d = 4 + j with j ≥ 1 and consider C d (k) with k ≥ d + 4. The vertex figure of vertex k in C d (k) is combinatorially isomorphic to C d−1 (k − 1). We iteratively take vertex figures of the largest labeled vertex j times until we have C 4 (k − j). By Theorem 3.11, C 4 (k − j) is not circumscribable and, by Lemma 2.1 ii), we conclude that C d (k) is not circumscribable. Altogether, we have the following brief summary regarding the circumscribability of cyclic polytopes, see also Table 4 :
• Since polygons are circumscribable, C 2 (k) is trivially circumscribable.
• The cyclic polytope C d (d + 1) is combinatorially isomorphic to the d-simplex and hence circumscribable. • Similarly, C d (d + 2) is a direct sum of simplices and its dual is the product of simplices which is inscribable. Therefore C d (d + 2) is circumscribable. • The cyclic polytope C 3 (k) = F * k is circumscribable, see Section 3.1. The only class of cyclic polytopes whose circumscribability is not determined is C d (d + 3).
Question 3.13. Is C d (d + 3) circumscribable for all d ≥ 5?
In theory, this question can be addressed by the methods described in Sections 3.2 and 3.3. Interpolation behaves interestingly: for d = 5, we have 20 facets and the space of quadrics in P 5 has dimension 21. Hence, we expect a unique quadric containing all facet normals of a realization of C 5 (8). Computations suggest that the space of quadrics through these 20 points is 3-dimensional generically. Searching for a quadric with the right signature in this space is challenging. For larger d, the number of facets of C d (d+3) is bigger than the dimension of the space of quadrics. However, for d = 6, the facet normals generically lie on a unique quadric. We did not manage to find one with the right signature. The computational approach via stereographic projection is already challenging for C 4 (7). For higher values of d, we are looking for Delaunay subdivisions of a (d − 1)-dimensional simplex, another computational challenge.
Forbidden subposet
We present a combinatorial abstraction of the geometric obstruction presented in Section 3.4 using a poset.
Definition 4.1 (Obstruction X ). Let P be a d-polytope. We identity a hypothetical subposet X of the face lattice of P that creates an obstruction to inscribability. This subposet consists of nine vertices {0, 1, . . . , 8}, two edges {12, 34}, seven 2-faces {A, B, C, D, E, X, Y }, and one 3-face Φ that satisfy the following geometric properties in P .
i) The vertex 0 has exactly d neighboring vertices in P .
ii) The intersection of faces X and Y is the vertex 0, which is not a vertex of Φ.
iii) X contains the edge 12. Assuming that Φ is inscribed, Miquel's theorem implies that the edges 12 and 34 are coplanar. Since X and Y are two 2-faces intersecting in exactly one vertex 0 with exactly d neighbors, the edges 12 contained in X and the edge 34 contained in Y must be skew. Since the edges 12 and 34 cannot be simultaneously coplanar and skew, we obtain the following obstruction lemma. T) The meet X ∧ Y in the face lattice of P is 0, (Touching) S) 0 has exactly d covers in the face lattice of P , (Simple) then P has no realization where the face Φ is inscribed.
Algorithm 1 Checking for obstruction X in the face lattice Λ P of a d-polytope P Input: A combinatorial type of polytope P Output: Either finds a Miquel's polytope Φ and two 2-faces X, Y or shows that it satisfies the necessary condition. Φ ← an element of P 3 7: if Found then return (Found, Φ, X, Y ) The obstruction was found.
19:
else return None The necessary condition is fulfilled.
20:
end if 21: end procedure Algorithm 1 uses Obstruction X to detect non-inscribability. It works in any dimension d ≥ 4 and only requires the 3-skeleton of the polytope. On the one hand, the algorithm can be generalized to obstructions obtained from other planar "Delaunay" circle theorems and to larger face figures. On the other hand, it only provides a necessary condition for a combinatorial type of polytope to be inscribable. A naive implementation of Algorithm 1 leads to a running time of O(k 9 ), where k is the number of vertices of the polytope.
Running this algorithm on the 8-facet polytopes results in a combinatorial type with fvector (14, 31, 25, 8) which is not inscribable because it contains X and has the Simple and Touching properties. The facets of this combinatorial type are 0126ABC, 0159BCD, 02367ACD, 04589ABD, 123456789, 12345AB, 16789CD, 3478AD.
The illustration of the stereographic projection from vertex 0 of this polytope in Figure 8 shows that this is the smallest with 8 facets; contracting any face destroys some critical component of the obstruction. In the previous sections, we identified a combinatorial barrier to inscribability. We use this barrier, and a slight generalization of it to prove the following theorem. Proof. There are three combinatorial types of polytope with the given f -vector [GS67] .
Case 1. The first type is the cyclic polytope C 4 (8), see Corollary 3.10.
Case 2. Consider the combinatorial type N 2 4 (8) given by the facet-vertex incidences below. We denote the vertices from v 1 to v 8 . The numbers 0-9 and letters A to J denote facets. Projecting N 2 4 (8) * stereographically from vertex J, we obtain a subdivision of a tetrahedron as illustrated in Figure 9 . Assuming that the wedge v 2 is inscribed, this implies that quadruples (A, B, C, D), (4, 5, 6, 7), (4, 6, A, B), (6, 7, B, D), and (5, 7, C, D) are all coplanar and lie on a sphere. By Lemma 3.8, this implies that quadruple (4, 5, A, C) is coplanar, and thus 4A and 5C are coplanar as well. Edge 4A belongs to wedges v 2 , v 5 and v 6 , while edge 5C belongs to wedges v 2 , v 7 , and v 8 . Since N 2 4 (8) * is convex, edges 4A and 5C must be skew, since they belong to two 2-faces intersecting in J, see Figure 9 . Therefore, if N 2 4 (8) is convex, facet v 2 cannot be inscribed and N 2 4 (8) * is not inscribable. Hence, N 2 4 (8) cannot be circumscribable by Lemma 2.1. Facets v 2 and v 8 are combinatorially equivalent in N 2 4 (8) * and hence both cannot be inscribed; the problematic pair of edges in v 8 is CD/IJ. Case 3. The final combinatorial type N 3 4 (8) is determined by the following facet-vertex incidences: Projecting N 3 4 (8) * stereographically from vertex J, we obtain a subdivision of a tetrahedron as illustrated in Figure 10 . Assuming that wedge v 1 is inscribed, it follows that the quadruples (0, 2, 7, 9), (4, 6, 7, 9), (3, 4, 5, 6), (2, 5, 6, 9), and (0, 3, 4, 7) are coplanar and the eight points lie on a sphere. By Lemma 3.8, the quadruple (0, 2, 3, 5) must be coplanar, and thus 02 and 35 are also coplanar. Now, consider the hexagon 02BEF H of wedge v 3 . Because the hexagon is convex, the line spanned by edge 02 intersects edge AI strictly between the point A and B. But 02 and 35 are coplanar, and since the line spanned by 02 meets both the lines spanned by AI and 35, they must meet in I. This forces the points B, H, and I to collapse, a contradiction. Hence N 3 4 (8) is not circumscribable by Lemmas 2.1 and 2.2. The facets v 1 , v 2 , v 3 , and v 4 are combinatorially equivalent in N 3 4 (8) * . Hence, none of them can be inscribed.
Open Questions
The previous sections provide some concrete support for [CP17, Conjecture 8.4], that all large neighborly polytopes are not circumscribable. The following approach may yield a rich infinite class of circumscribable neighborly polytopes.
Starting from the basepoint of C d (k) * , with k > d + 4 and d > 4, we have one neighborly polytope for each pair (k, d) that is not inscribable. These polytopes are in fact far from being inscribable, as no facet can be inscribed. From a neighborly polytope, it is possible to generate another neighborly polytope by adding a single vertex. This is described in detail in [PZ16] . Dually, we may generate dual to neighborly polytopes by introducing a single new facet. For an example of this operation, compare Figure 2 and Figure 9 : The facet 6 * is split into two facets, the facet containing edge E0 on the left, and the facet outlined in black. Once this operation is done, most of the squares are split into further squares. Having many squares in a common facet can lead to an obstruction to inscribability. In particular, this sequence of three squares in a row described in Section 4 is disadvantageous to inscribing a polytope. There are neighborly 4-polytopes with 9 vertices that do not have Miquel's structure as in the statement of Lemma 3.8 as a facet. We ask a more specific version of [CP17, Conjecture 8.4]: Question 6.1. Are neighborly polytopes avoiding Miquel's arrangement in vertex figures circumscribable?
We restate the open questions brought up throughout the text. Our final question has to do with inscribed realizations of C 4 (7) * . We gave two ways to see that it is inscribable, the second of which gives explicit coordinates. However, the coordinates are in a degree twenty extension of Q. We wonder what is the smallest degree extension needed to inscribe C 4 (7) * . In particular, Question 6.3. Is C 4 (7) * inscribable with rational coordinates?
